
2.3B To Be or Not To Be 
 
 

Mean Value Theorem, and the 
other Existence Theorems 
_______________________________ 
 
Earlier you learned to calculate the 
average velocity of an object by 
using the formula  

𝐴𝑉ሾ௔,௕ሿ ൌ
𝑠ሺ𝑏ሻ െ 𝑠ሺ𝑎ሻ

𝑏 െ 𝑎
 

In this lesson, you will generalize this formula for all continuous functions that are 
differentiable over a closed interval. 

 
Investigation 1: A diver leaps from a 5 meter springboard.  Her feet leave the board at 
time t ൌ 0, she reaches his maximum height of 6.5 m at t ൌ 1.1 seconds, and enters the 
water at t ൌ 2.45. Once in the water, the diver coasts to the bottom of the pool ሺdepth 4 mሻ, 
touches bottom at t ൌ 7, rests for one second, and then pushes off the bottom. From there 
she coasts to the surface, and takes her first breath at t ൌ 13. 

 
1aሻ Let sሺtሻ denote the function that gives the height of 
the diver’s feet ሺin metersሻ above the water at time t. 
ሺNote that the “height” of the bottom of the pool is  -4 
meters.ሻ Sketch a carefully labeled graph of sሺtሻ on the 
provided axes. Include scale and units on the vertical 
axis. Be as detailed as possible. 

bሻ Based on your graph in ሺaሻ, what is the average 
velocity of the diver over the following time intervals: 

iሻ ሾ2.45, 7ሿ 

iiሻ ሾ0, 7ሿ 

iii. ሾ0,13ሿ 
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II. The Mean Value Theorem 
 
The Mean Value Theorem states that somewhere between points A and B on a 
differentiable curve, there is at least one tangent line parallel to chord AB as illustrated 
below. 

 

 
Note that the Mean Value Theorem doesn’t tell you what c is.  It only tells you that there is 
at least one number c that will satisfy the conclusion of the theorem. To find the value of c, 
complete the calculations in the difference quotient. 

  
Investigation 3: In each of the following, ሺi.ሻ state whether or not the function satisfies the 
hypotheses of the Mean Value Theorem on the given interval, and ሺii.ሻ if it does, find each 

value of c in the interval ሺa, bሻ that satisfies the equation 𝑓′ሺ𝑐ሻ ൌ ௙ሺ௕ሻି௙ሺ௔ሻ

௕ି௔
 

 

3aሻ 𝑓ሺ𝑥ሻ ൌ  𝑥ଶ ൅ 2𝑥 െ 1        on  ሾ0,1ሿ 

 

bሻ 𝑔ሺ𝑥ሻ ൌ  𝑥
ଶ

ଷൗ         on  ሾ0,1ሿ 

 

Mean Value Theorem for Derivatives: If  f ሺxሻ is continuous at every point of the 
closed interval ሾa, bሿ and differentiable at every point on the open interval ሺa, 
bሻ, then there is at least one point c in ሾa, bሿ at which 

𝑓′ሺ𝑐ሻ ൌ
𝑓ሺ𝑏ሻ െ 𝑓ሺ𝑎ሻ

𝑏 െ 𝑎
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cሻ  ℎሺ𝑥ሻ ൌ  𝑥
ଵ

ଷൗ         on  ሾെ1,1ሿ 

 

dሻ  𝑟ሺ𝑧ሻ ൌ  ln ሺ𝑧 െ 1ሻ       on  ሾ2,4ሿ 

 

eሻ  𝑠ሺ𝑦ሻ ൌ  𝑠𝑖𝑛ିଵሺ𝑦ሻ       on  ሾെ1,1ሿ 
 

fሻ    𝑡ሺ𝑥ሻ ൌ ൜
cosሺ𝑥ሻ ,   for   െ 1 ൑ 𝑥 ൑ 1
sinሺ𝑥ሻ ,   for         1 ൑ 𝑥 ൑ 3

        on  ሾ0, 𝜋ሿ 

 

 

III. Other Existence Theorems 

There are four existence theorems that you need to know for the AP test: 

 Intermediate Value Theorem ሺIVTሻ 
 Extreme Value Theorem ሺIVTሻ 
 Mean Value Theorem ሺIVTሻ 
 Rolle’s Theorem 

The IVT states that all differentiable functions must have an intermediate value property, 
as stated in the following theorem. 
 

 
 
All the Intermediate Value Theorem is really saying is that a continuous function will take 
on all values between f ሺaሻ and f ሺbሻ.  Below is a graph of a continuous function that 
illustrates the Intermediate Value Theorem. 

Intermediate Value Theorem: If a and b are any two points in an interval on 
which f ሺxሻ is differentiable, then f ሺxሻ takes on every value between f ሺaሻ and  
f ሺbሻ. 
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As you can see, if we pick any value, M, that is between the value of f ሺaሻand the value of 
 f ሺbሻand draw a line straight out from this point the line will hit the graph in at least one 
point.  In other words somewhere between a and b the function will take on the value 
of M.  Also, as the figure shows the function may take on the value at more than one place. 
  
It’s also important to note that the Intermediate Value Theorem only says that the function 
will take on the value of M somewhere between a and b.  It doesn’t say just what that value 
will be.  It only says that it exists.  
  
Finally, realize that since the derivative is a function, as well, the IVT applies to derivatives. 

 

In the previous lesson, you examined the extreme values of a function. This can be 
summarized as follows: 

 

Extreme Value Theorem: If  f ሺxሻ is continuous at every point of the closed 
interval ሾa, bሿ, then f ሺxሻ has both a maximum and minimum value on the 
interval ሾa, bሿ. 

Intermediate Value Theorem for Derivatives: If a and b are any two points in an 
interval on which f ሺxሻ is differentiable, then f ‘ሺxሻ takes on every value 
between f ‘ሺaሻ and f ‘ሺbሻ. 
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Again, note that the EVT applies to derivatives, as well. 

 

 

 

The first version of the Mean Value Theorem was proved by French mathematician Michel 
Rolle ሺ1652–1719ሻ. His version had fሺaሻ ൌ fሺbሻ ൌ0 and was proved only for polynomials, 
using algebra and geometry. 



2.7 Derivative Applications Page 6 
 

 

In other words, f ሺxሻ has a critical point ሺa, bሻ, if it meets all three conditions stated above. 

 

Example 1. Given 𝑓ሺ𝑥ሻ ൌ 𝑥ଷ െ 4𝑥 . Find a value in the interval ሺ-2, 2ሻ which satisfies Rolle’s 
Theorem. 

Solution. First verify that Rolle’s Theorem can be used. 𝑓ሺെ2ሻ ൌ 0 and 𝑓ሺ2ሻ ൌ 0. Since 𝑓ሺ𝑥ሻ 
is a polynomial it is differentiable, therefore it is continuous. 

Then 𝑓ᇱሺ௫ሻ ൌ 3𝑥ଶ െ 4 and there must be at least one value of x between -2 and 2 where 
𝑓ᇱሺ௫ሻ ൌ 0. 

This is found by solving the equation, 0 ൌ 3𝑥ଶ െ 4 and getting 𝑥ଶ ൌ ସ

ଷ
. Therefore there are 

two critical values at 𝑥 ൌ േ ଶ√ଷ

ଷ
. 

  
 
 

 

Rolle’s Theorem: If  f ሺxሻ is a function that satisfies all the following conditions: 

 continuous at every point of the closed interval ሾa, bሿ, 
 differentiable at every point ሺa, bሻ, and 
 f ሺaሻ ൌ f ሺbሻ 

then there is a c such that a ൏ c ൏ b and  ሾa, bሿ and f ‘ሺcሻ ൌ 0 
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V. Exercises 

1.In each of the following, ሺi.ሻ state whether or not the function satisfies the hypotheses 
of the Mean Value Theorem on the given interval, and ሺii.ሻ if it does, find all values of c in 

the interval ሺa, bሻ that satisfies the equation 𝑓′ሺ𝑐ሻ ൌ ௙ሺ௕ሻି௙ሺ௔ሻ

௕ି௔
 

 

aሻ 𝑓ሺ𝑥ሻ ൌ  𝑥ଶ        on  ሾെ2,1ሿ 

bሻ  𝑔ሺ𝑥ሻ ൌ  √𝑥 െ 2        on  ሾ2,6ሿ 

cሻ  ℎሺ𝑥ሻ ൌ |𝑥 െ 1|        on  ሾ0.4ሿ 

dሻ    𝑤ሺ𝑥ሻ ൌ ቊ
sinିଵሺ𝑥ሻ ,   for   െ 1 ൑ 𝑥 ൑ 1
௫

ଶ
൅ 1ሺ𝑥ሻ ,   for         1 ൑ 𝑥 ൑ 3         on  ሾെ1,3ሿ 

 

2. Explain why the Mean Value Theorem does not apply to the function 
1

( )
3

f x
x




 on the 

interval  0,6  

 

3.  Show that the function 𝑓ሺ𝑥ሻ ൌ ቄ
0,   െ 1 ൑ 𝑥 ൑ 0
1,        0 ൑ 𝑥 ൑ 1 is not the derivative of any function on 

the interval െ1 ൑ 𝑥 ൑ 1. 

 

4. The height of an object t seconds after it is dropped from a height of 500 meters is 
2( ) 4.9 500s t t   . 

aሻ Find the average velocity of the object during the first 3 seconds ሺin other words 
during the interval  0,3 ሻ. 

bሻ Use the Mean Value Theorem to verify that at some time during the first 3 
seconds of fall, the instantaneous velocity equals the average velocity.  Find the time. 
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Sample AP Test Questions: 

5.  The function 3

2

)( xxf  on  8,8 does not satisfy the conditions of the Mean Value 

Theorem because  

Aሻ )0(f is not defined  

Bሻ )(xf is not continuous on  8,8   

Cሻ )1(' f does not exist 

Dሻ )(xf is not defined for 0x   

Eሻ )0('f does not exist 

 

6. At how many points  on the interval  ,0  does xxxf 4sinsin2)(  satisfy the Mean 

Value Theorem? 

Aሻ none         Bሻ 1            Cሻ 2            Dሻ 3            Eሻ 4 

 

7. A balloon is being filled with helium at the rate of 4 ft3/min.  The rate, in square feet per 

minute, at which the surface area is increasing when the volume is 
3

32
ft3 is 

Aሻ 4        Bሻ 2             Cሻ 4            Dሻ 1            Eሻ 2 

 

8. Which statement below is true about the curve 
2

2

472

42

xx

x
y




 ? 

Aሻ The line 
4

1
x is a vertical asymptote 

Bሻ The line 1x is a vertical asymptote 

Cሻ The line 
4

1
y is a horizontal asymptote 

Dሻ The graph has no vertical or horizontal asymptote 

Eሻ The line 2x is a horizontal asymptote 


